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1 Introduction

My goal is to count the number of connected ramified coverings of the sphere,
with given ramification data. This can be interpreted in terms of tilngs of
compact surfaces by triangles, squares and hexagons. The computation of the
generating series of these numbers requires the language of Hurwitz theory,
and, more specifically, of representation theory of the symmetric group. The
important point is that these series are quasimodular for T'; (V). As generators
of the algebra of quasimodular forms are known, I will be able to explicit these
series in a known basis. In this internship report, I have two major goals :
Firstly, explain the basics of (quasi)modular forms, and, secondly, compute



these series. I used Sage throughout my internship to compute these generating
functions.

2 Modular Forms

2.1 Motivations

Modular Forms are interesting objects, which are the subject of study in and of
themselves. Nevertheless, here I'd like to give some motivations, coming from
the field of Riemann surfaces. A complex tori is a quotient C/T", where T' is
a lattice in C. Two such tori 77 and Thrare isomorphic as Riemann surfaces if
and only if there exists some matrix A € SLy(Z) such that I'y = AT'5. Since
any lattice is equivalent to the lattice Z + 7Z where 7 € H, having a function
from the space of complex tori, is the same as having a function of a complex
variable, satisfying the modular invariance property:

f<a7-+b> — ()

ct+d

where (CCL Z) € SLy(Z) and 7 € H.

However, this definition is often times too restrictive. For example, if we
think of the quotient SLy(Z)\H, and if we add the point at the end of the cusp
to compactify the curve, then, no such non-constant holomorphic function f
satisfies the desired property. The definition of modular form will ask that

F(553) = e+ ats)

ct+d

for some positive integer k, and we will add the desired property that f is
”holomorphic at co”.
Another motivation comes from the field of hyperbolic geometry. The upper

half plane, H, with the hyperbolic metric dm2y+2dy2 is a riemannian manifold

of constant negative curvature. Its isometries consists of the group PSLs(R),
where PSLy(R) acts on H by the following formula :

a b at +b
= —
c d et +d
If T is a discrete subgroup of PSLs(R), for example I' = PSLy(Z), then hyper-

bolic surfaces are surfaces defined by S = I'\H. If we want to have a holomorphic
one form on .S, then such a one form w has to satisfy that, for ally € T, y,w = w.

But, the differential of v = (Z Z) is

dy: TH=HxC —-HxC

( )H(az+b v
Z,v
’ cz+d’ (cz+ d)?

).



Now, v.w = w rewrites as f(z)dz = f(v- Z)(czdﬁ)?

So, asking for a holomorphic one form w to be defined on a hyperbolic surface
is the same as asking that, in local coordinates w = f(2)dz, f is a modular form
of weight 2 for T.

2.2 Congruence subgroups

From now on until the end, let N be a positive integer.

Definition 2.1. The principal congruence subgroup of level N is

I'(N) = {(i Z) € SLy(Z) (Z‘ Z) = (é 2) ModN}.

Remark 2.2. In particular, I'(1) = SL2(Z).
Proposition 2.3.
1
[SLy(z) : T(N)] = N*[] (1 - p2>
pIN

Proof. This proof can be found in [3]. One first shows that the morphism
SLy(Z)/T(N) — SLa(Z/NZ) is surjective, and hence an isomorphism, then
use the isomorphism given by the chinese remainder theorem : SLo(Z/NZ) =
Hle SLy(Z/p;*Z) where N = Hle p;t, and compute SLo(Z/pi*Z) by induc-

O

tion on e;.
Similarly, we also define T'o(N) and T'y(N) :

Definition 2.4.

To(N) = {(‘CL Z) € SLy(2) (‘2 b) = (g :) ModN}
Ty (N) = {(Z Z) € SLy(Z) <CCL Z) _ (é *1‘) ModN}

Remark 2.5. We have the inclusion T'(N) C T'1(N) C T'o(N) C SL2(Z).

Y

Definition 2.6. A subgroup I' of SLy(Z) is said to be a Congruence subgroup
if '(N) C T for some N € N*. The smallest such N is said to be the level of T'.

Remark 2.7. If T is a congruence subgroup, then, for all v € SLy(Z), v~y is
also a congruence subgroup.



2.3 Definitions

The following definitions are motivated by Section 2.1. For v € SLy(Z) and
T € H, we write (1) := v - 7 where the action of SLy(Z) on H is given in 2.1.

Definition 2.8. Let v = (%Y%) € SLy(Z) and 7 € H. Define the factor of
automorphy :

jlvy,7) =er +d.
Also, for a function f : H — C define the weight k operator [v]) by :

Fle(r) = j (v, )" f (7).

This operator has the following properties, whose proof are just computa-
tions, given in [3, Lemma 1.2.2] :

Proposition 2.9. For all 7,7 € SLy(Z) and T € H,
1 j('s7) =30 (1)i(s )
2. [Tk = [Tk

5. Im(y(7) = 635

Asking for a function to be weight k invariant is not enough for it to be a
modular form. We also need a stronger condition, namely “holomorphy at the
cusps”. Let I be a congruence subgroup and f : H — C be holomorphic and
weight k invariant with repsect to I'. Because I' is a congruence subgroup, it
contains some I'(N), and so I' contains v = (§4). Because j(v,-) = Id, and
because f is weight k invariant and holomorphic, f is hZ periodic, for some

minimal A € N. Thus, f can be developped as a Fourier Series :
f(’T) — Zane%nﬂr/h
neZ

Definition 2.10. Such an f is said to be holomorphic at oo if Vn < 0, a, = 0.
That is,

oo

(1) =Y ane?m/h,

n=0

Definition 2.11. Let I be a congruence subgroup, and k be an integer. A
holomorphic function f : H — C is said to be a modular form of weight k with
respect to I if

2. Yo € SLy(Z), fla]k is holomorphic at co.



If, in addition, ap = 0 in the Fourier expansion of f[a]y for all o € SLy(Z),
then f is said to be a cusp form.

The set of modular forms of weight k with respect to I" is denoted M (T),
and the set of cusp forms is Sk ("), and the quotient of modular forms by cusp
forms is the Fisenstein subspace Ex(T).

The second condition, namely, that f[y]x is always holomorphic at oo, may
seem hard to show. Indeed, there exists a simpler way to show that such a
function satisfies this property :

Proposition 2.12. Suppose that f is a holomorphic, weight k invariant func-
tion with respect to I'. Suppose, also, that in the fourier expansion of f, there
ezists constants C' and v such that for all n € N,

lan| < Cn”
Then, [ is a modular form with respect to T.

Some examples are now definitely in order. In the following examples, I
choose ' = SLy(Z).

Example 2.13. Let k > 3. Define

and

ged(m,n)=1

Factorising every element of the sum in Gy, by the ged of m and n gives the
following formula :

Gr(7) = ((k)Ex(7).

A quick computation gives that Gy is weight k invariant, and implies that
G =0 for odd k.

Using the Poisson summation formula, one finds that the Fourier expansion
of Gy, is given by :

Gi(7) = 2(k) 2“ Zak 1

" n=1

where

Ukl Em

m|n



and ¢ = e?™ (details of this computation are given in [1]). We’'ll be introducing

a third normalisation, whose goal is to normalize to 1 coefficients before ¢:

Gi(r) = m(;m

Concretely, such functions are given by the following coefficients :

E4(1) = 1 + 240q + 2160¢* + 6720¢> + 17520 4 302404° + - - -

FEg(1) = 1 — 504q — 16632¢* — 122976¢> — - - -
Es(1) = 1 4 480q + 619204 + 1050240¢> + - - -

while the other normalisation is

1 ,
Ga(r) = 515 +q+9¢> + 28¢° + 73¢" + 126¢° + - --

1
= —0i +q+33¢% 4+ 244¢% + 1057¢* + - -

&
[}
B

~—
|

1
Gs(r) = gg5 T4+ 129¢% + 2188¢% + - - -

We have only encountered modular forms of a certain weight, but the notion
can be extended to modular forms of mized weight, that is, modular forms which
are sums of modular forms of different weights. These modular forms are part
of the space

M(T) = P M (D).
kEN
Notice also that, in none of these examples, I used F5. That is because
while the sum defining G2 converges, it doesn’t absolutely converge, making it
impossible to show that E5 is weight 2 invariant. And indeed, it isn’t weight 2
invariant, but it is “almost” weight 2 invariant, and is in fact an example of what
is going to be called a “quasimodular form”, as defined in the next subsection.

2.4 Quasimodular forms

In this subsection, I will define quasimodular forms. These are defined in [6].
Let T" be a congruence subgroup. We define the space of quasimodular forms as

QM(T) := M(T)[Es].

Remark 2.14. This definition is not what is usually chosen in the litterature
for the definition of quasimodular forms. However, it is equivalent to the usual
definition.



Remark 2.15. F5 can be seen as the fundamental “quasimodular” form. The
way we usually prove a transformation formula for Ej for k > 3 is by inter-
changing sums, by, for example, the Poisson summation formula. The lack of
absolute convergence of Fs makes this a bit trickier for E5. We can show that
E), satisfies the following transformation formula,

6¢7(7,
N cy(jf)

Ea(y7) = j(, 1) Ea(r) + 2L

as proved in [12]

Ezample 2.16. The Fourier Expansion of Fs is :

FBy(1) =1 — 24q — 72¢* — 96¢> — 168¢" — - - -
Remark 2.17. The space of quasimodular forms is the space of all derivatives of
modular forms. Let us suppose we have some modular form F of weight k£ with
respect to some I'. Then,
E(y7) = (cr + d)*E(7)
Differentiating this equation gives :
1
7(07— — E'(y7) = (et + d)*E' (1) + ke(er + d)* L E(7)

Hence,

E'(yr) = (et + d)*F2E' (1) + ke(er + d)* 1 E(7)

E’ is “almost” modular of weight k + 2.

2.5 Dirichlet characters and associated modular forms
In this subsection, let N € N*.

Definition 2.18. Let x : (Z/NZ)" — C be a group homomorphism. We define
the Dirichlet character associated to x, denoted x : Z — C by :

o) = 0 if ged(a, N) > 1
| x(a) if ged(a, N) = 1

Remark 2.19. We will write x for both the group homomorphism, and its ex-
tension to Z.

Remark 2.20. As | (Z/NZ)" | = ¢(n), where ¢ is Euler’s totient function, Dirich-
let characters have for values ¢(IN)th roots of unity in C.

Ezample 2.21. For N=3, there exists two morphisms (Z/3Z)* — C, one which
is trivial, and the second which maps [2] to —1.



Remark 2.22. If (Z/NZ)" is cyclic, for example when N is a power of a prime,
the choice of a Dirichlet character is just the choice of which ¢(N)th root of
unity you send a generator to.

We will soon see the modular forms assoicated with certain Dirichlet char-
acters. But first, just as the constant coefficients of certain modular forms uses
the Riemann zeta function, we will need to define L-functions in their generality
in order to find the constant coefficients of the following modular forms.

Definition 2.23. Let x be a Dirichlet character modulo N. The associated
Dirichlet L — function is :

=[Ta—xwp)~"

peP

V-2

Remark 2.24. We see that we can recover the usual Riemann zeta function
as the Dirichlet L function associated to the trivial character. Moreover, just
like the Riemann zeta function, there exist formulas that allow meromorphic
continuation of an L function on the entire complex plane.

Definition 2.25. Let £ > 2. Let 9, ¢ be two Dirichlet characters modulo N.
Define E;f’q5 as the series with the following Fourier expansion :

B (1) = 6()L(L —k,¢) +2 > ol (n)g

n=1

where ¢ = %77, §(1)) = 1 if ¢y = 1; and 0 otherwise.. Finally,

() = > w(n/m)p(mym*

m|n
m>0

Remark 2.26. These series are modular forms for k£ > 3 with respect to I'y (V)
([3, Section 4.5]).

Eisenstein series of weight 1 also exist, and are defined as follows :

Definition 2.27. Let v, ¢ be two Dirichlet characters modulo N. Define Ef”d)
as the series with the following Fourier expansion :

E{*(r) = §()L(0,0) +6(9)L -mza

where every term has the same meaning as the previous definition.

The usefuless of such series comes from the following theorem [3, Theorem
4.5.2]:

Theorem 2.28. Let k > 3 and let Ay, be the set of all triples (v, ¢,t) where
¥ and ¢ are primitive Dirchlet characters modulo u and v such that ¥e(—1) =
(—=1)* and t is such that tuv|N. Define E}f"ﬁ’t(r) = E;f@(tr).



Then the set

{E(,0,1) € Axi}
is a basis of E(T'1(N)).

2.6 Generators of spaces of modular forms

Now that we have seen generators of £,(I'1(N)) as a vector space, we could
ask the following question : Can we find generators for the spaces £(I'1(N)),
or M(T'1(N)) when they are viewed as algebras ? It was shown by the Deligne
and Rapoport in 1973 in [2] that these spaces are finitely generated, and hence
can be viewed as a quotient of Q[X1, -+, Xn]. More recently, in [9], Rustom
proves that M (T') is generated in weight at most 3 for I' = T'y (V).

In [4], Engel claims the following :

QM (I'1(3)) = Q[E], Es, B3]

where Fj is defined in the following way :

~N\* ,
E;; = 91\[ (k — 1)' Z (227‘rd) —+ Z q” ngn(m)mk_lgjzm
)

d=r(N n>1 m|n
d#0
where (y = exp(2im/N), and Oy = (n — (n;

Remark 2.29. Denote 1 the trivial character modulo N. For N=3,4,6, denote
xn~ the unique non trivial character modulo N. Explicit computations of these
series gives the following :

E 1 3
11(‘]) = 3 —3(]—3(]3 —3q4 —6q7_ — _iEilhxg(Q)
E 1 3

é e g —3q+9q2 —3q3 _39q4+72q5_’_.” _ —§E§1’X3(q).

Unable to find anywhere in the literature where such generators are given, I
had to resort to trusting the author. A problem I encountered at this moment
was that the programmation language I was using (Sage), didn’t give me the
same generators. It gave me 5 instead of 3. As it turns out, these 5 generators
are equivalent to the 3 given by Engel, as both generate the space, but with
different relations.

These are the 5 generators given by Sage (Sage doesn’t consider modular
forms of weight 1), and everyone of them can be written in the basis given by
[4] above :

E2=1—24q —72¢°> — 96¢° — 168¢* — --- = E,



E2y =1+ 12q + 36¢* + 12¢° + 84¢* + - - - = 4(E})?

8
E3g=1+54¢> + 72¢° +--- = 2E3 — g(Ell)3
1 8
E31 =q+3¢+9¢+13¢* +--- = f§E§ — 2—7(E11)3
16 16
Edg = 14240¢° + - = (B})' = (B} ).

3 Counting ramified coverings of the sphere

In this section, I'll mostly be following [4]. My goal is to compute generating
series for the number of ramified coverings of spheres, with specific ramification
data.

3.1 Tilings

There are seventeen wallpaper groups. Those are the groups of symmetries of
biperiodic tilings of C. Among those, 5 of them preserve orientation. These
5 groups are isomorphic to extensions of Z2 by a rotation group < (n >, for,
respectively, N = 1,2,3,4,6. These groups are denoted G. We will write,
from now on,

Xy =C/Gy

Ezxample 3.1. Here are the 5 tilings, whose group of symmetries is Gy :

F/)/35

A | P AR
<§ AR

credit : [4, Figure 1]

The counting of the number of branched covers has a combinatorial expla-
nation. Roughly, the number of branched covers ¥ — X with a specific ram-
ification profile is the same as the number of tilings of ¥ by the corresponding
tile in example 3.1. For N # 1, these are topologically spheres.

Definition 3.2. Let N =1,2,3,4,6. An N-duck tilling is a compact oriented
surface formed from identifying pairs of edges of a collection of disjoint oriented
N-duck tiles, as in example 3.1.

10



Let 7 be an N-duck tiling of a compact oriented surface X.
Definition 3.3. The curvature k of a vertex of an T is

N -2
N_—_Z
N

where k is the number of tiles adjacent to the vertex.

Let 4 = p1 > --- > p, be a partition of any integer. Define, for alln € N,
w+mn:=pu +n>--- > p. +n The following proposition relates tilings and
coverings for the case N = 3. Tts proof can be found in [4, Proposition 2.4].

Proposition 3.4. The 3-duck tiled surfaces ¥ with d tiles and curvature 3 —
are in bijection with degree 3d covers o : ¥ — P! ramified over three points with
cycle type (37,34, (1, 34I41/3)).

Ezxample 3.5. The following picture is the example of the equivalence between
the covering with ramification (3,3, 3) of X3 with the tiling of the sphere.

3.2 Generating function of number of branched covers

Fix n points py,---p, on P!, and a starting point x € P\ {p1,--- ,p,}.
Now, let v; be a closed loop around p; based in z. Then, the fundamental

group of P'\ {py, -~ ,pn} is

TP\ {p1, P} @) =< Y1, sl T = 1>

Remark 3.6. This can be computed in the following way : a punctured sphere is
homeomorphic to the plane, and the n— 1-punctured plane deformation retracts
to a bouquet of n — 1 circles. Because the bouquet of n — 1 circles has for
fundamental group the free group on n — 1 generators, the kth generator being

11



a clockwise 1-loop around the kth circle. Bringing these back to the sphere gives
n — 1 generators, and the last one can be obatined as the inverse of the product
of the n — 1 others.

Definition 3.7. Let 0 : X — P! be a covering, which is ramified in pi, - - py.
Fix y € o7 1(x). If y € m (P*\ {p1,- -+ ,pn}, ), then, by the lifting criterion of
coverings, v can be lifted to X, denoted %,, such that 7,(0) = y and 7,(1) €
o~ !(x). The action

ﬂ-l(]P)l \{plv e 7pn},l’) X 0'71(9:) = Uﬁl(x)
(Vs y) = Ay (1)

is said to be the action of monodromy of mi (P \ {p1, -+ ,pn},2) on o~ (z).

Example 3.8. The covering exp(2i7) : R — S!, where x = 1 has for monodromy
the maps which takes (v, k) where k,n € Z and ~,, loops n times around the
circle and maps it to k +n

If we have a finite cover o : X — P!, fix a labeling of the fiber over z by
{1,---,d}. We say that ¢ has ramification profile n; at p; if the cycle type of
the action of monodromy of -; on the fiber of x is of cycle type n;

Definition 3.9. Let d € N*. Define the Hurwitz number as

1
Hy(m,---mn) = Zm

where the sum is over all branched covers o : X — P! of degree d with
ramification profiles 7; over p; where 7); is in a partition of d.

Definition 3.10. We also define the generating series of these Hy:

Clm,---ma)(@) = Y Halni, -+ na)q”.
d>0

Denote C,,, the conjugacy class of S4 of elements with cycle type 7;. Each
cover o defines, by monodromy, elements (s1,--- ,s,) € Cy, x---xC, such that
51+ -8y = 1. Conversly, each s1,---,s, € Cy, X---xCp, such that s;---s, =1
defines a cover o : X — P!, Indeed, let p : X — P\ {py,---p,} be the universal
cover. Then, let F = {1,---,d}. Quotient X x F by ([7],y) ~ ([y:7], si(y)) for
all i € {1,--- ,n}. The resulting cover can be extended to a ramified cover by
Riemann’s extension theorem on compact Riemann surfaces, and has wanted
ramification data.

Moreover, two coverings X; and X5 are isomorphic if and only if the induced
bijection on fibers f : F| — F; has the following property : f(7,(1)) = F(y)(1)-
In turn, this shows that d-sheeted coverings of P! with ramification s1,--- , 84
are in bijection with

12



{U S HOHl(ﬂ'l(IPl \ {plv e ;pn},ﬁﬂ), Sd) Vi € {13 e 777’}7 0-(71) € Cﬁq}/sd

where the action is by conjugation. Denote the above set A/S,.
Then,

1
Ha(ny, ) = Z m
oc€A/Sq

|orb(o))|
= 2 d!

oc€A/Sq
_ Al
!

where the second equality is due to orbit-stabilizer.
Now, |A] = {(s1, -+ ,sn) € Cp, x --- x Cp | s1---s, = 1}|. Hence, using
Frobenius’ formula A.10 for g = 0, we have the following :

Proposition 3.11.

Cl C’n
Hal,-+ o) = 2]

Z X(Cm) T X(Cnn)

" x(1)n=2

I would like to count connected covers of X, but this series counts all covers.
To solve this problem, we introduce the following :

Definition 3.12. Let C*® denote the generating function for coverings without
unramified components. That is,

C* (1, ma) (@) = D> Hi(nr, - ma)q”.

d>0

Lemma 3.13.
C(n, -~ mn)(q)

C0(a)

Proof. By multplying both sides by C()(¢), and comparing term by term, this
is equivalent to asking that

C*(n1,---mn)(q) =

d
Hy(ny, -+ ) = > Hp(m, -+ 0n) Ha k()
k=0
Having a degree d cover is the same as choosing k elements of the fiber such
that on d — k of them is a cover without unramified components, and, on the k
remaining, a cover without any ramification.
O

13



Now, we need to introduce a third series :

Definition 3.14. Let C*® denote the generating function for connected coverings.
That is,

Co(n1,- - m)(q) = > Ha(nr, - ma)q”.

d>0
Remark 3.15. To pass from covers with each component ramified to connected
covers, there is a solution by Mobius inversion, see, for example, [5, Section 2.3].

The following theorem si the fundamental result of the article [4] :

Theorem 3.16. The generating series

Co(m, -+ mn)(a)

s quastmodular.

Guided by proposition 3.4, in the following, I'll only be interested in the
case where N =3, n = 3, d is a multiple of 3 53 = 12 = (3,3---3), p is a
permutation of 3k < d, and n3 = (u,3---3).

My goal is to compute as many terms as I can of the series counting connected
covers:

C°(m;n2,m3)(q)-

Doing so proves to be a problem, because, one needs to access characters of
S3q, which take a long time to compute. Direct computation using character
tables quickly becomes too time-consuming. To overcome this, I implemented
formulas to give me the character table of Ss4. This proves to be quite innefi-
cient, as it necessitates computing all characters of Ssq4, for all partitions of 3d,
whereas I just need all characters for the partitions 7,72, and n3. The second
idea was then to compute only characters for the partitions I needed. I used the
Murnaghan-Nakayama formula and formalism for this. Alas, this also proved
to be inneficient. The last idea, and the one I went with, was to implement
two formulas, one which gives values for [xA(3,--- ,3)| (Theorem 3.39), another
which gives values for x (1), and to use Murnaghan-Nakayama on ns, up until u
is finished, and then compute the rest by the preceding formula. Unfortunately,
Theorem 3.39 doesn’t give the sign of the character, so I used Proposition 3.42
to compute the sign. Analysis of the performances of this algorithm can be
found in subsection 3.4.

The following theorem si the fundamental result of the article [4] :

Theorem 3.17. The generating series

c® (’rlla 12, 773)(q)
is quasimodular for T'y(3).

Remark 3.18. The quasimodularity is useful because it allows us to write
C°(m,1n2,m3)(q) in terms of known series, which allows us to find the asymp-
totic of these series as ¢ — 1, which, in turn, allows us to compute Masur-Veech
volumes.

14



3.3 Murnaghan-Nakayama

Fix some n € N. Fix also two partitions A and g of n. The Murnaghan-
Nakayama rule is an algorithm which computes the value of x(u). For this, I'll
briefly recall the formalism of Young diagrams.

Definition 3.19. If A = (A\y > Ay > -\, > 0), then the Young diagram
associated to A is the collection of unit boxes, whose ith row has length \;.

Ezample 3.20. The Young Diagram associated to (5,4,4,2,1) is the following :

|

Definition 3.21. The transpose partition of X, denoted X is the partition
obtained by exchanging rows and columns in the Young diagram of .

Ezample 3.22. For A\ = (5,4,4,2,1), we have X = (5,4,3,3,1)

|

>
Il

Define p; := A; — 4 and ¢; = A, — i. The reason for using such notations will
be geometrically apparent later. With these definitions, we have the following
theorem : ([8, eq 2.7])

Theorem 3.23.
[Lic;(pi — pj)(ai — ;)
IL;wi+q + DLl
Definition 3.24. Let A and p be two partitions such that u;, < \;, Vi €

{1,---,n}. A Skew Young Diagram A/u counsists of the cells in the Young
diagram of A\ that don’t belong in the Young Diagram of p.

dim \ =

Ezample 3.25. The Skew Young Diagram for A = (5,4,4,2) and pu = (3,1) is
highlighted in red :

15



Definition 3.26. A strip is a connected Skew Young Diagram that does not
contain any 2x2 block.

Definition 3.27. The height of a strip is the number of rows in the strip, minus
one.

Definition 3.28. The size of a strip is the number of boxes in it.

For example, the following are strips of length 2 and 4 :

And the following are not strips :

Definition 3.29. A p-strip decomposition of A is a way of recovering the Young
diagram of A by succesively adjoing strips of size 1, o, - - .

Ezample 3.30. A (5,3,2,2,2,1)-decomposition of (5,4,4,2) :

6]

1
2
2
4

[ S

Here, the number 1 represents the strip of size 5, the number 2 the strip of size
3, etc...

Definition 3.31. The height of a p strip decomposition is the sum of the heights
of the p; strips.

Ezample 3.32. The above p-strip decomposition has height 2-+1+1+0+0+0 = 4.

The Murnaghan-Nakayama algorithm is an algorithm which takes in the
Young diagram of A\, and the partition u, and removes so p strips from the
diagram, and computes the value of the characters of the symmetric group
Xx(1). This can be found in [11, Theorem 7.17.3] :
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Theorem 3.33. The non-recursive Murnaghan Nakayama rule is the following:

xal) = Yo (-1)
{ni}

where the sum runs over all p-strip decompositions of \.

Now we’ll see a way of visualizing Young diagrams, which makes computing
strip decompositions more visual. Take a Young Diagram, rotate it by 90 so that
the top left box is at the bottom. Place beads under it at every half integers.
Color the beads where the boundary of the Young Diagram is going up. This
coincides with p; + 1/2. Here is an example for (5,4,4,2) :

This view is useful, because removie a strip of size t is the same as moving
a full bead where the strip starts ¢ to the right. Hence, Murnaghan-Nakayama
can be interpreted in terms of moving beads to the right, which makes it easier
to understand.

Example 3.34. In the following drawing, removing the blackened strip moves
the bead at -9/2 5 to the right, up to 1/2 :
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Definition 3.35. The t-core of A is the partition obtained from A after removing
t strips as much as possible.

Ezample 3.36. The 3-core of A = (5,4,4,2,1) is (2,1,1)

A= core =

Definition 3.37. Let A be a partition, and pq, - - p, the positions at the half
integers of its beads in the Maya diagram. Let ¢t € N. Consider the ¢ partitions
obtained by taking, for the ith partition, only the beads that are congruent to
i+ 1/2 modulo p. The set of all these partitions is called the ¢-quotient of A.

Ezample 3.38. The 2 quotient of the example 3.3 is the one made of two par-
titions, one which has beads at —9/2, —5/2, and 3/2, the other which has a
single bead at —3/2.

We have the following formula, which is a corrollary of Murnaghan-
Nakayama:

Theorem 3.39 (Formula for (p,p,---,p)). Let p € N*, and \ a partition of
n = pk. Let u be the p-core of X\, and \',--- | \P its p-quotient. Then,

( | {o if 0
XA\P, - ,P) = A . i . _
(a2 2. paop) Tz dimA”if =0
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where
[Al/p __ (A/p)!
IALL IR, o (A2 [ALL -]

Proof. If the p-core of A is non-zero, then there exists no p-strip decompositions
of A\, and so xa(p,---,p) = 0 by Murnaghan-Nakayama. Now, let us suppose
the p-core of A is trivial. Adding a p-strip is the same as adding a one cell
to the corresponding p-quotient. But, by Murnaghan-Nakayama, counting the
number of ways of adding one-cells to a component of the p-quotient \? is the
same as computing the dimension dim \’. Moreover, as Murnaghan-Nakayama
sums over all possible p strip decompositions, we have to take into account the
order in which the adding of the one cells in the p-quotient is done. There are
p partitions in the p-quotient, and couting the number of ways of adding a one
cell to each element of the p-quotient is the same as asking how many ways

there are of counting the number of ways of partitioning {1,--- ,k} in sets of
size [A'],---|\P|. This is exactly the multinomial coefficient
< [Al/p )
‘)‘1|7 |)‘2|a ) |)\p|
Which gives us the desired result. O

In order to find the sign of |xa(p,---,p)|, I use the following proposition
3.42; which needs the following remark:

Remark 3.40. The height of a strip is the same as the number of beads that it
would jump over when removing the strip in the Maya diagram. Indeed, each
bead placed between the starting position and the ending position of the moved
bead corresponds to adding +1 height to the strip, as seen in the two drawings
in 3.3 and 3.34.

Ezample 3.41. In the example 3.3, moving the bead at —5/2 to 1/2 has a number
of jumps 1. Moving it from —5/2 to 5/2 has number of jumps 2. This is the
same as its height.

I have found the following nowhere in the litterature, so I decided to include it
here. It probably is somewhere. It is a direct corollary of Murnaghan Nakayama.

Proposition 3.42. The sign of xA(p, - ,p) is
(_1)2 heights

where the sum is over the removal of all p-strips, or equivalently, moving all
possible beads p to the right. This sum depends on how you remove strips, but
its parity does not.

Proof. Suppose you have two players, A and B, who both choose different strate-
gies to move all the beads p to the right. Choose two beads, labeled x and y.
After the two players have moved all the beads as much as they can, the two
beads z and y are at the same positions, whether it is by the strategy of A or
that of B. So, if A had x jump over y k more times than B, then, mechanically,
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y would have jumped over x k more times also by A. This means that the sum
of heights, wether by the strategy of A or that of B, has the same parity.

This proves that the parity of the sum of heights does not depend on which
way you remove p-strips. This means that all 4 = (p,--- ,p) strips decomposi-
tions of A have the same parity of the sum of heights of removed strips. But,
Murnaghan-Nakayama states that

) = 3 (-
{ni}
Each of the terms in this sum then have the same sign, which gives the
desired result. O

Remark 3.43. This does not work if the permutation is not of the form
p,p,---,p. Take, for instance, A = (2,2), p = (2,1,1). There are two dif-
ferent ways of removing 2 from (2,2), one of which has height 1, and the other
height 0. Hence, the above proposition depends on how the beads are moved
to the right.

Ezample 3.44. The computation of the sign of xx(p,--- ,p) is done in the fol-
lowing code, in the appendix : B.2.

3.4 Algorithmic performance

To compute these series H®(u), T used the algorithm I described at the end
of subsection 3.2. The two main obstacles to performant computation are the
following :

1. The number of terms in H®(u).
2. The number of parts in pu.

1. The dth term in the series H®(u) requires computing a sum over all
characters of the symmetric group S3q. As the number of characters is equal
to the number of conjugation classes of Ssq, it equals p(3d), the number of
partitions of 3d, whose first terms are

1,1,2,3,5,7,11,15,22, 30, ....

(see, for instance : ).
The following theorem, proved by Hardy and Ramanujan, gives an asymp-
totic of p(n) :

Theorem 3.45. 1
n) ~ e E
p(n) 3
Ezample 3.46. For small p (of size < 4), I am able to go to the 15th term in
about 3-4 minutes. This means computing all characters of Sy5 at three different
values, and the above formula tells us that there are about p(45) ~ 95316 of
them.
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2. My algorithm runs Murnaghan-Nakayama on u. Hence, the more parts u
has, the more computationally expensive it becomes. If I go up to the 10th term
of the series, I can compute them for all p under size 6 without any problems.
But, computing the 7th term for p of size 9 took me about an hour and a half.
This is still way faster than asking Sage to compute the entire table. I only
compute 3 columns of the character table, instead of all of them.

My code probably isn’t as optimised as it could be, and most of it can be
found in Appendix B.

3.5 Numerical Values

In this section, I will post the values I have found for H®(u). A list [ag, a1, - , ag)
in the second column corresponds to a modular form ag + a1q + a2¢® + -+ +
arq® + ---. T will only show non zero H*®(u).
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I H* () In the basis E},
[171a1] [Ovévoaévévoao] _T%_%(Ell)
[57 1] [0707 17 1a2a274] % - %(EQ) + %(Ell)
[2727171} [0707%7171a17%] Tlg_%(EQ)—i_Tlg(Ell)_%(E%)Q
1
[Llalalalal] [0’071*8307%;$a%] ﬁ+F12(E11)+ﬁ(E11)2
7,1,1] [0,0,0,2,4,17,15, 33 Saon o+ sy(ES) + ri(Ba) — aig(BY) + 55(B1)(B2) +
5= (E1)° + 55 (EBY)
[572a2] [Oa070a1>175’379] _%_ i(E?%)J'_ 712(E2) 54(E11)+%(E%)2_ %(Ell>3
11 10 10
. 11.11] 0.0.05.4.2.5.%) ~ s + BB + s (B) - Z5(BD + g(BD(E) -
165 (E1)° + 57 (E7)
[4a4a 1] [0,0,0,2,3,8,8,20] _8;41_5%(E§)+5L4(E2)_%(Ell)_kﬁ(Ell)(EQ)_QL?(Ell)g
4,2,1,1,1] [0,0,0,0,2,4,4,12] —O%t%(E:%)‘Fi(Eﬂ—%<E11)+i(E%)(E2)+227(E%)2+
1(E1)
[272727271] [0707070,071707 ]-] _3gi4+ﬁ(E2)_ﬁ(E%)+5L4(E%)2_8711(E%>3
1 1 1 5 11
[27271a1317171] [03070767§7§767F] 1ﬁ 1”3?196(E2) - ﬁ(Ell) + ﬁ(Ell)(EQ) - ﬁ(Ell)Q +
763 (1)
1 1 1
[1717171’171717171} [anaoaﬁvovaaﬁvi] _ngz_ﬁ( %)_ﬁ( 11)2_?174(1211)3
94501 1 3025
[11,1] [0,0,0,0,24,92,232,463, 835,1202, 1945, 2679) S0 61(E§)143— @(Eg) L %1282@222 tg%s(ﬁ)lz
50 (£1)(E3) — 555 (B1)(E2) — 57 (E1)” — 5(Ey)” — 55(E))




I H* () In the basis E},

[10,2] [0,0,0,0,10,40, 90, 200, 300, 480, 780, 1040] 1251 W0l — B(Es) + 155 (F2)?+ 199 (B} ) — 2 (B} ) (E3) -

€¢C

( 243
el (el — (e
8, 4] [0,0,0,0,8,32, 64,128,224, 320,512, 704] %ﬁé(&})}%@3+@§Ez)fj§—‘§(E%%%(E%)(Eé)f
51 (E1)(E2) + g7 (B1)° — 135 (E7)

8,2,1,1] [0,0,0,0,8, 32,80, 160, 336, 448, 720, 1024] %%-ﬁ(]ﬂé)-ﬁ@& i(EQI)ngig Elllﬁ) —§%SE11§2(E§3—4

57 (E1)(E2) — 51 (B7)? + 57 (B7)*(E2) — 57 (B7)° — 57 (E1)
[7,5] [0,0,0,0,4,22,38,101, 147,236, 369, 527] por. - @(E%l) —1117—725;(E2)2+ 111—7522(E%)2 TS%SE%)&
351 (E1)(E3) — 75 (E7)(E2) — 57 (E1)? + 57 (£1)° — 155 (E1)

(7,2,2,1] [0,0,0,0,4,15,38,100, 141, 241, 390, 519] glleg - %(EQMJr 81%42(E25))2 +1%(E11) - %(5%)555)11

75 (E)(E2) = 576 (EB1)° + 575 (B1)* (Bo) + 57 (E1)° — 55 (EY)

[7,1,1,1,1,1] [0,0,0,0,2,%,%2,9,23,26,44, 1581] 15331% — %(Eg)w— @g@) J%%g(lEj) - 22 (ED) ?%3) —
2( %)EEQ + 1o (B1)? — g(E1)(B2) — 55(E)° —
= (E)

[5,5,1,1] [0,0,0,0,6,9,37,56,121, 163, 259, 329] e - 8%(12?})1 - %(E2 4; ﬁl(gjgﬁ + %Q(Ell) -
Eo2 F% (E%g - %(Eﬂ Ea) — 165 (E1)° + 153 (E1)*(E2) —
5(E1)° — 555 (E1)

[5,4,2,1] [0,0,0,0,4,28,72,132, 236, 384, 560, 792] g—i + = (E3) — %(Eg) + @(EQF + 8 (E}) - 2(BE})(E3) -
165 (B (E2) — 55 (B1)? + 57 (B1 )2 (E2) + % (B1)? — 2 (B )

5,2,2,1,1,1] 0,0,0,0,5,35 14, 82 113 159 102, 955] ff&i - ;T}(EQJ 12—;8@2) +53%a(§3>2 + 121%8942(19%) +
@(E%)gEg);@gEl (E2) — 55g5 (B1)" + 135 (E7)*(E2) —
186 (B1)° + 6 (EY)
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A Frobenius Formula

Let me recall a bit of representation theory of finite groups here. Most of my
knowledge comes from [10]. The last result about Frobenius’ formula are in [7].
We let G be a finite group in this section.

Definition A.1. A Representation of G is a tuple (V,p) where V is a finite
dimensional complex vector space, and p : G — GL(V) is a group homomor-
phism.

Once a structure is defined, the next step is always to define what morphisms
between these structure are, and we’ll see (Shur’s Lemma) that morphisms
between representations are really few.

Definition A.2. Let (V1,p1) and (Va,p2) be two representations of G. A
morphismof representations between V7 and V5 is a linear map Vi — V5 such
that, for all g € G, the following diagram commutes

Vi 25

J{m(g) J{pz(g)

Vi — v
Ezample A.3. If G is a group, let C[G] be its Group Algebra, that is, the vector
space whose basis is indexed by elements of G, denoted e, for g € G. We have a
representation (C[G], p) where p(g)(er) = eqr This representation is very useful
because it has very nice properties that we’ll see later.

Remark A.4. From now on, I'll drop the p when talking about the representation
when it is obvious in the context.

Definition A.5. Let V be a representation of GG. A sub — representation of V'
is a sub vector space W C V such that W is invariant under the induced action
of G. That is, for all g € G and w € W, p(g)(w) € W.

Definition A.6. An Irreducible representation V is a representation that has
no non-trivial sub-representations.

Once we have introduced irreducible representations, the natural following
question arises : Can every representation of G be decomposed as a sum of
irreducible representations ? The answer to this question is : YES. It suffices
to show that a subrepresentation of G has a supplementary representation. The
key idea is to create a scalar product “invariant under G”, such that if W is
stable under G, the orthogonal of W under this scalar product is also invariant
under G. This is summed up in the following theorem :

Theorem A.7. Let V be a representaiton of G. Then, there exists irreducible
representations V; of G such that



A particular case of this decomposition is the case when V' = C|[G], in which
we have the following theorem.

Theorem A.8. Let (V;)k_, be the irreducibles representations of G. We have
the following decomposition :

@ Vi ® -
%,_/
k times

The following very important lemma now describes how rare morphisms of
representations are :

Lemma A.9 (Shur’s Lemma). Let V,W be two irreducible representations of
G. Then,

{0}, fvzw

Homg(V, W) = {(Cld V=W

All of this allows us to state the following theorem, whose proof I shall give
here. It computes the number

Ng(cla"'ckt): |{a1a"' aag7b17"' abg7cla"' ,Ck €
G2 % Oy % - x Cillar, bi] - - [ag boler - - o = 1}].

Theorem A.10 (Frobenuis Formula). Let g > 0. Let C1,--- ,Cy be conjugacy
classes in G. Then,

X(C1) - x(Ck
Ng(ch' ) |G|2g 1|C’1 |Ck|z 1 k+2g )

2

where the sum is over all irreducible chamcters of G
Remark A.11. We will only be using this theorem for G = S,,.

Proof. Let ai,--- ,aq4,b1,-- ,bg,c1,-- ,c € G?9 x C; x --- x C} such that
[a1,b1] - [ag, bglc1 - - - ¢y = 1 Because [a;, b;] = ai(biaibjl)_l, counting the num-
ber of these a; and b; that satisfy the given condition is almost the same as
counting the number of a; € G and @} € C, ! which multiplied all together and
by the ¢;’s, gives 1. The only thmg that needs to be taken care of is the number
of b € G such that if a; and a are in the same conjugacy class, ba;b~! = a/.By

the orbit stabilizer theorem, this number is equal to % This is summed up

in the following formula :

Jl</ie]
N(O,Ck): el X
o AI,Z Al [A,]

No(A, AT - Ag, AZH G- Cy) - (1)
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where the sum is over all conjugacy classes of G.

The only thing left to compute is now No(Al,Afl, . -~Ag,Ag_1,Cl < C).
In order to simplify the notations, we’ll just compute Ny(C1, - - C). we’ll use
Shur’s lemma for this. Denote ec, = >_ . €5. The way we obtain the formula
is that we compute the trace of ec, - - - ec,, acting on C[G] in two different ways,
corresponding to the two sides in the theorem A.8. On one side, we have that for
g€ G, g#1,Tr(g) =0, and Tr(1) = |G|. Expanding the product in ec, - - - ec,
gives us

Tr(ec, -+ ec,) = |GINo(Cy, - - Cy)

Let now V be a irreducible representation of G. We can consider ec as
a morphism V' — V as a sum of linear transforms. Because it is central, ec
is actually a morphism of representations, and hence, by A.9 it acts on V by
multiplication by a scalar A\. We can compute A by computing its trace in the
following manner :

AdimV =" Tr(g) = |C|x(C)
geC

and hence

e
x(1)
So, on the right hand side of A.8, we have

k
Tie,ee) = > [N

x irreducible

Putting everything back into 1, we get :

Gl Gl _ JAlIAT! - [Ag|AS MG - - |Gyl
N C7C — | X 9 X
o(Ch k) Al;Aq 1Al T4,] G|
5 X(ADX(ATY) - x(Ag)x(Ag Ix(Ch) - x(Cy)
x irreducible X(l)k+2g_2
X (C ¢ —
=GP C - |Ck|z)k+292k) <Z|AiX(Ai)X(Ai)>
=1
x(
SRR D Do o

(2)

where the last line is due to the orthogonality of characters, and gives the
desired result. O
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B Code

Code B.1 (Code for |xa(p, - ,p)|)-

def chi_lambda(lbda ,p): #lbda partition of n
n=sum(lbda)
nb_p =n//p
L=[p for k in range(nb_p)]
coeur = Partition (lbda).core(p)

s=0
if coeur ==[]:
s=1
quotient = Partition (lbda).quotient (p)
for Ibd in quotient:
s*= dimension (1bd)
s/= factorial (sum(1bd))
sx= factorial (n/p)
return s

Code B.2 (Code for the sign of xa(p,- - ,p)).

def sign_chi_lambda(lbda,p):
if lbda==[]:
return 1
n=sum( lbda)
r=len(lbda)
list_pi = [lbda[k]—(k+1) for k in range(r)]
#rajouter toutes les boules noires ensuite

rajouter = lbda[—1]
dernier = list_pi[—1]
for k in range(p+1):
list _pi.append(dernier—rajouter —(k+1))
sum_heights = 0
while True:
check = True
copy = list_pi [:]
for k in list_pi:
if k-—p not in list_pi and k>dernier—rajouter —1:
height = len([x for x in copy if k—p<x<k])
copy . remove (k)
copy . append (k—p)
sum_heights+=height
check=False

copy .sort (reverse=True)
list_pi = copy|[:]
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if check:
break
return (—1)"sum_heights

Code B.3 (Murnaghan-Nakayama for p).

def dimension(lbda): #gives dimension of representation associated with lbda

l_.lambda = len(lbda)
n=sum( lbda)
res = factorial (n)
for i in range(l_lambda):

for j in range(i+1,l_-lambda):

resx= (lbda[i]—1bda[j]—(i+1)+(j+1))

for i in range(l.lambda):

res/= factorial (lbda[i]+1.-lambda—(i+1))
return res

def from_pi_to_part(L): #L sorted
res=|]
for k in range(len(L)):
rajouter = L[k]+k+1
if rajouter >0:
res.append(rajouter)
return res

def remove_all_strips (mui,lbda): #mui is an integer, lambda a partition of n
n = sum(lbda)
r = len(lbda)
list_.pi = [lbda[k]—(k+1) for k in range(r)]

#adding black beads

rajouter = lbda[—1]
dernier = list_pi[—1]

for k in range(mui+1):
list_pi.append(dernier—rajouter —(k+1))
resultat =[] #first is the new partition, secondly the height

for k in list_pi:
if k—mui not in list_pi and k>=dernier:
new_list = list_pi [:]
height = len([p for p in list_pi if k—mui<p<k])
new_list .remove (k)
new_list . append (k—mui)
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new_list.sort (reverse=True)
new_part = from_pi_to_part(new_list)
resultat .append ([new_part , height])

return resultat

def murnaghan_nakayama(lbda ,mu,N): #lbda partition , new.mu of the form [mu,N,N,N

if mu==[]:
return sign_chi_lambda (lbda ,N)xchi_lambda (Ibda ,N)

valeur_finale =0

mui = mu[0]

enlever = remove_all_strips (mui,lbda)

new_mu=mu | : |

new_mu. remove (mui)

for (new_part,height) in enlever:
valeur_finale+=(—1)"height*murnaghan_nakayama (new_part ,new_mu,N)

return valeur_finale

Code B.4.
def HN(N,mu, nb_termes): #I def HN( empty | empty empty mu) , return the result
serie = [0 for k in range(nb_termes)]

d = sum(mu) # N divides d

for p in range(d//N,nb_termes):
k=Nx*p
Sk = SymmetricGroup (k)

liste_part = list (Partitions (k))

eta_cycle_type = [N for 1 in range(p)]
index_eta = liste_part.index(eta_cycle_type)

eta_mu_cycle_type =mul:]

for osef in range(p—(d//N)):
eta_mu_cycle_type.append (N)

eta.mu_cycle_type.sort(reverse=True)

index_eta_mu = liste_part.index(eta.mu_cycle_type)

Cl = Sk.conjugacy_class(eta_cycle_type)
C2 = Sk.conjugacy_class(eta_mu_cycle_type)

L1 = [murnaghan_nakayama(lbd ,[] ,N) for 1bd in liste_part|
L2 = [murnaghan_nakayama(lbd ,mu,N) for 1bd in liste_part |
L.dim = [dimension(lbd) for lbd in liste_part]

nb_part = len(L1)
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s=0
for i in range(nb_part):
st=L1[i] 2%L2[i]/L.dim]i]

serie [p]= s
serie [p]*=(Cl.cardinality ())"2%(C2.cardinality ())/factorial (k)" 2
return serie

def HN _point (N,mu, nb_termes):
serie_vide = HN(N,[] , nb_termes)
serie_mu = HN(N,mu, nb_termes)
R.<X> = PowerSeriesRing (QQ)
serie_vide_ R = R(serie_vide)
serie_mu_R = R(serie_mu)
res = list (serie_vide_ R "(—1)x(serie_mu_R ))[: nb_termes

return res
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